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Abstract 
This work deals with effect of external force on the dynamics of mutually coupled self-excited oscillators. Self-excited oscillators 
with linear and non-linear coupling are considered. The phase-amplitude equations or Adler equations are obtained analytically in 
both cases with Krylov and Bogoliubov method of averaging and these equations are used to analyze the effect of external force 
on their synchronization dynamics. Computational results are obtained by numerical integrations to validate the analytical results. 
For linearly coupled oscillators, the effect of external force on synchronization are studied. For nonlinear coupling, it’s shown 
that in-phase synchronization is not possible even if the coupling values are varied. Such a system is brought into synchronization 
with effect of external force. Also, for both cases, non-synchronized cases are brought into synchronization with the aid of 
external force. This work shows that, even small amplitude of external disturbances, can produce considerable effect on the 
synchronization dynamics of coupled systems and thus should be given due importance in practical scenarios 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Synchronization has always been a keenly studied phenomenon from the late 16th century. This goes back to the 
famous Dutch mathematician, astronomer and physicist Christiaan Huygens (1629-1695), when he observed that a 
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couple of pendulum clocks hanging from a common support had their oscillations perfectly coincided i.e. they 
synchronized [1]. Even if their motion was disturbed, they would reestablish within a short span. From his 
investigations, he was able to give an explanation about mutual synchronization. Similar observations were reported 
by William Strutt [Lord Rayleigh] when he observed the mutual synchronization and the oscillation death in the 
organ pipes [2]. 
 
Mutually coupled self-excited oscillators and their synchronization have tremendous importance. Interesting 
dynamic features exhibited by this model are described in Balanov et. al. [3]. Dynamics of a van der Pol oscillator 
subjected to external harmonic force is studied first, followed by two mechanisms of synchronization, phase locking 
and suppression [3]. Analytical solution for the above model is obtained by the Krylov-Bogoliubov averaging 
procedure [5]. The same procedure can be repeated for mutually coupled self-excited oscillator for understanding 
the synchronization in them and the various bifurcations that they bring about. 
The current work deals with two related aspects of synchronization in coupled self-excited oscillators. One is the 
effect of external disturbances on the synchronization of the oscillators and the second is the non-linearity in the 
coupling of the oscillators. The former one is of interest because in practical scenarios, we cannot isolate the system 
from the external disturbances totally. In this work we investigate how an external harmonic load will affect 
synchronization in mutually coupled van der Pol oscillators with linear reactive coupling. The system will be 
analysed computationally and then verified analytically by employing method of averages by Krylov and 
Bogoliubov [5]. The dynamics of the system is investigated by varying the different parameters of the system. 
 
The second case defines the closeness to the actual system in the real time, which means that we consider 
synchronization in mutually coupled Van der Pol oscillators, with non-linear reactive coupling. We then look into 
the effect of external disturbances on the non-linear system and how it affects the synchronization. The dynamics is 
investigated and the effect of parameters studied. 
2. Governing Equation 
The governing equations of nonlinearly coupled van der pol oscillators with an external harmonic force on the 
second oscillator can be written as: 
   
 
 
                     (1) 
Where λ1and λ2are the non-linearity parameters, BR is the linear reactive coupling value, BN is the non-linear 
reactive coupling value, ω1 and ω2 are the Eigen frequencies of the system, F is the external forcing amplitude and ω 
is the external forcing frequency. Figure (a) shows the model schematically. 
 
 
 
 
 
 
 
Fig. 1. Nonlinearly coupled system 
 
In order to solve this problem analytically, we introduce certain assumptions. We restrict our analysis for small 
values of λ, for which without forcing (F=0) the solution is almost harmonic. We also assume the value of F is not 
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too strong, i.e. the value of F is not too large compared to the unperturbed oscillations and the forcing frequency (ω) 
is only slightly different from the ω1 and ω2. 
3. Linear Coupling (BN=0) 
When BN=0, our governing equation gets reduced to the following: 
   
 
 
                     (2) 
The Krylov – Bogoliubov method of averaging will be used to solve these equations. The general solution is 
assumed to be of the form, 
 
  (3) 
Where the A1, 2 (t)are the amplitudes, ω is the external forcing frequency and φ1,2(t) are phase differences. A1, 2 (t) and 
φ1, 2(t) are slow functions of time compared to the cosine function. When φ (t) is constant the oscillators in the 
system are 1:1 synchronized. Thus in order to attain the synchronization conditions, we need to derive explicit 
equations of A and φ as a function of time. 
For simplicity we represent the equations in Euler’s form i.e. (3) becomes 
  (4) 
 
And to further reduce the equation we employ another substitution 
 
     And              (5) 
On further simplification (4) becomes 
 
 
                     (6) 
 
Now we find the first and second derivatives of (3) so as to substitute in the governing equation (2). Also we take it 
into account that all will be functions of time, but we omit the indication further in our solutions. 
 
 
 
  
                     (7) 
 
Now we substitute the expressions (6), (7) and (8) in our governing equation (2) and we further reduce the 
expression with common algebraic method to obtain the following, 
 
 
                     (8) 
 
 
 
 
             
To further reduce the equation, we use the method of averaging by Krylov and Bogoliubov [5]. In this method, we 
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average the equation over one whole time period. Then *, ,a a a which are slower functions compared to nie Z , 
where n is a whole number, do not change during one period of oscillation. Thus after averaging the equation over 
one whole time period, 2T S Z , we can get rid of the faster terms and only the slower terms remain in the 
equation. 
So by applying the method of averages, we obtain the following reduced equations 
 
 
                                                                                                                                          (9)  
 
 
Re-substituting the expressions from (5) into (9) and then re-arranging and employing simple algebraic techniques 
we get the final phase-amplitude equations, which are also termed as Adler Equations. 
 
  
 
 
 
 
 
 
 
                   (10) 
The state of synchronization of the system corresponds to the fixed points of the Alder equations and which can be 
used to arrive at the conditions of synchronization. 
4. Non-Linear Coupling 
When BR =0, our governing equation will be following, 
  
 
 
                                 (11) 
We will analyze this system without the external forcing initially to understand the dynamics. Assuming the solution 
of the system as 
 
  (12) 
After employing the Euler’s equation, we can modify (12) into the following. 
  
  
                   (13) 
Then we can formulate the first and second derivative of the above which are given as following, 
 
                   (14) 
             
 
 
 
Substituting (14), (13) and (12) into (11), gives us, 
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                   (15) 
As done above, we employ the necessary algebraic procedures to reduce the equations further and we use the 
method of averaging. Then we do the necessary rearrangement and obtain the phase-amplitude equations or Adler 
Equations, which are given below, 
 
 
 
 
 
 
 
 
 
  (16) 
Eqn. (10) and (16) gives the analytical solution for the system in two different cases. They are valid only in the zone 
of the assumptions that we have taken initially. Now to validate these solutions, we have to perform the 
computational investigation and compare with these analytical results. 
5. Results 
5.1 Case 1: Linear Coupling: BN = 0 
Here we consider a non-synchronization case with low detuning, and will bring the system into synchronization 
by employing a small external disturbance i.e. forcing amplitude. We take the parameters accordingly i.e. ω1=1, 
ω2=0.94, ω=0.98 which are the frequencies of the oscillators and the external forcing frequency respectively.  λ1= λ2 
= 0.1 which are the non-linear parameters and the strength of coupling BR = 0.1 
Figures (2) and (3) show the computational results for the mutually coupled van der Pol oscillator without external 
forcing. We can infer that they are not synchronized which can be validated from solving the Adler equations (10) 
and plotting the amplitudes and phases as functions of time (Fig. 4 and 5) 
 
 
 
 
 
 
  
 
 
 
 
Fig. 2. Amplitude-Time plot     Fig. 3. Lissajou Plot  
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      Fig. 4. Amplitude-Time Plot                 Fig. 5. Phase-Time Plot 
 
If the system synchronizes, it is clear that the solutions of the Adler equations will tend towards a fixed point. No 
such behaviour is seen in figures 4 and 5 which shows non synchronization. It’s clear that the computational and 
analytical results match for non-synchronization case. Further, we investigate if synchronization can be attained in 
the above system by disturbing the system with an external force. 
 
Figures (6) and (7) represents the state space, Lissajous and time plot respectively of the coupled system after the 
periodic forcing is introduced. It can easily be observed that the periodic force helps the systems to synchronize. 
This can be validated by solving the Adler equations also, shown in Fig. (8) and (9). 
 
 
 
 
 
 
 
 
 
 
 
                    Fig. 5. Lissajou Plot               Fig. 6. Amplitude-Time Plot 
 
  Fig. 6. Lissajou Plot               Fig. 7. Amplitude-Time Plot 
 
 
 
 
 
 
 
  Fig. 8. Amplitude-Time Plot               Fig. 9. Phase-Time Plot 
 
If we closely study the fig. 8, it’s clear that after few steps, the fluctuating amplitude comes into a straight line 
parallel to the time axis through a fixed amplitude value. Similarly in fig. 9, the phase time plot shows similar 
phenomenon. After a fluctuation, the phase remains a constant. This shows that synchronization can be attained for a 
system which is initially non-synchronized with the aid of external force or disturbance. 
 
 
5.2 Case-2 :Non-Linear Coupling, BR=0 
 
When analysing the non-linearly coupled oscillator, we first take the case without external forcing amplitude. For 
small values of coupling, it is inferred from fig. 10 and fig. 11, which shows computationally obtained Lissajou plot 
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and time plot, that the oscillators are not synchronized. This is verified by the Adler solutions (Fig. 12 and 13) which 
do not approach a fixed value. 
 
 
 
 
 
 
 
 
 
 
 
                    Fig. 10. Lissajou Plot                                      Fig. 11. Amplitude-Time Plot 
 
 
 
 
 
                                     Fig. 12. Amplitude-Time Plot                                                                             Fig. 13. Phase-Time Plot 
 
Now by introducing an external force into the system, we observe that the system is getting synchronized as shown 
in fig. 14 and Fig. 15. Fig.16 and 17 show that the amplitude and phase approach fixed points (Adler Equations). 
 
             .  
 
 
 
 
 
 
 
 
 
                 Fig. 14. Lissajou Curve                 Fig. 15. Amplitude-Time plot 
 
 
 
 
 
 
 
                     Fig. 16. Amplitude-Time Plot                    Fig. 17. Phase-Time Plot 
 
For non-linear coupling, without external forcing it’s difficult for us to get in-phase synchronization. When we look 
at the computational results we understand from the plot that the synchronization is out of phase. So we will try to 
investigate if the in phase synchronization can be attained with the aid of external force. No matter how much we 
1014   Rohit Rajeev et al. /  Procedia Engineering  144 ( 2016 )  1007 – 1014 
vary the coupling strength value, we can’t attain in-phase synchronization. So in such a situation, we introduce an 
external force into the system. The results are compared in the below figures with adjacent Lissajou and Time plots 
before and after introduction of the external force. 
 
 
 
 
 
 
 
                             Fig. 18. Lissajou Plot (before and after)                Fig. 19. Amplitude-Time Plot (before and after) 
6. Conclusion 
The effect of harmonic external disturbances on mutually coupled oscillators is investigated in this work.  For the 
case of linearly coupled van der Pol oscillators it is shown in this work that external disturbances in the form of 
harmonic forces can be used to bring about synchronization in systems where the coupling strength is not large 
enough to cause mutual synchronization. For nonlinearly coupled oscillators, it is seen that synchronization attained 
is always out of phase. Increase in coupling strength is seen to have no effect on the out of phase nature of 
synchronization. It is shown here that the introduction of an external disturbance brings the system to in-phase 
synchronization, thus proving the effect of external disturbances over a system can aid in synchronized dynamics. 
Thus it is seen that external disturbances, which are unavoidable in practical cases, can be made to have useful 
effects.  
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